We investigate oscillating solutions of the equation of motion for the Higgs potential. The solutions are described by Jacobian elliptic functions. Classifying the classical solutions, we evaluate a possible parameter-space for the initial conditions. In order to construct the field theory around the oscillating solutions quantum fluctuations are introduced. This alternative perturbation method is useful to describe the non-trivial quantum theory around the oscillating state. This perturbation theory reduces to the standard one if we take the solution at the vacuum expectation value. It is shown that the transition probability between the vacuum and multi-quanta states is finite as long as the initial field configuration does not start from the true vacuum.
I. INTRODUCTION
Higgs mechanism generates mass to gauge bosons with respecting the gauge invariance based on the spontaneous symmetry breaking (SSB). It plays the crucial role in the standard model [1] [2] [3] . The mechanism predicts existence of a particle, so called Higgs boson. The experimental search for the boson has been carried out for a long time. Recently a new boson has been discovered at Large Hadron Collider (LHC) by ATLAS [4] and CMS [5] . The measured properties of the discovered boson is consistent with the Higgs boson assumed in the standard model [6, 7] . Other new particles expected beyond the standard models have not been observed yet at LHC.
The scalar sector assumed in the standard model seems to effectively work well, at least up to TeV region even if the scalar sector is described by something more fundamental one at high energies. However, there are some theoretical problems in the scalar sector, for example, the quadratic divergence in the quantum correction to the mass of the scalar field and its naturalness [8] , the stability of the scalar potential at high energy scale [9] . Hence it is a good time to consider the scalar sector again based on a different point of view and to see a different aspect of the scalar sector.
It is more instructive to start from a similar system described by an anharmonic potential in the classical mechanics. We suppose one-dimensional motion of a point particle with a mass m, in the following anharmonic potential
The potential is stable at v = α/β. Its classical solution is known as
where dn(u, k) is Jacobian elliptic-function with an argument u and a modulus k. Substituting the above function-form into the equation of motion (EOM), we obtain the time frequency ω and the modulus k as ω = αη/m, k = 2 − η −1 with η = βx 2 0 /(2α). The above solution describes a non-trivial oscillation allowed by EOM, i.e., elliptic oscillation around the stable point v and satisfies the initial condition x(0) = x 0 ,ẋ(0) = 0.
The above dn-type oscillation describes the behavior for v < x 0 < √ 2v. The form of the oscillation changes to 1/dn-type oscillation with a different frequency and a modules for 0 < x 0 < v, and it changes to cn-type oscillation for √ 2v < x 0 . The "center of the oscillation" is v for 0 < x 0 < √ 2v while it changes to the origin for √ 2v < x 0 . If the initial point x 0 is larger than √ 2v, then the point particle has enough energy to climb up the potential wall towards the other stable point. The last cn-type oscillation describes this case and the other two dn, 1/dn-type oscillations show non-trivial and classical oscillations allowed by EOM around the stable point, v.
In the quantum mechanics or quantum field theories, according to the path integral formalism, the classical solution realized as a special path with fixed initial and final points gives stationary of the action. The quantum effect can be introduced as a fluctuation around the classical path. The classical solution dominates the path integral. Therefore it is interesting to study an application of this elliptically oscillating solution to a self-interacting scalar field with Higgs potential in the standard model.
In the standard perturbation we introduce the quantum field h as the excitation around the vacuum expectation value (VEV), v, as φ = v + h. If we take into account both a classical component h cl and a quantum fieldh with VEV, v, for example, φ = v + h cl +h, such a perturbation method contains a non-trivial nature of the potential (we call it Higgs potential in this paper), and it may reveal a new aspect of the scalar sector. If the classical behavior plays an important role in a physical system, such an analysis should be adopted.
Recently the elliptic solution and its phenomenological effects are actually considered with the Higgs potential [10] . The idea to embed the elliptic oscillating solution in the quantum field theory is worthy to consider again. We push forward the idea to naturally formulate the quantum field theory in the context of the analogues of the classical theory. We note that the elliptic function is applied many phenomena and the effects of the anharmonic potential is evaluated for a different purpose, for example, see Ref. [11] for general physics and Ref.
[12] for effects of the anharmonic potential on the large order of perturbation.
In this paper we construct the quantum field theory based on the classical solution of EOM for the scalar sector with the Higgs potential and evaluate some physical consequences.
In Sec. II we review the classical solution of EOM and categorize the possible type of the oscillation based on the analogue of the classical mechanics. The quantization of the theory around the solution of EOM is discussed in Sec. III. Based on the theory we show the corresponding Feynman rules in Sec. IV. We show the existence of the transition process between the vacuum and multi-quanta states as a non-trivial nature of this approach in Sec. V. The section VI is devoted to the conclusion of this paper.
II. EQUATION OF MOTION AND SOLUTION

A. Model Lagrangian
We consider the following model Lagrangian to extract a non-trivial classical behavior:
where this Lagrangian has Z 2 symmetry φ → −φ. The stationary condition, ∂V ∂φ φ=v = 0, determines the stable ground state, i. e. vacuum, at φ = µ 2 /λ ≡ v. To simplify our discussion we do not consider couplings between the scalar φ and other particles like fermions, gauge bosons, or other different scalars. If we introduce the gauge field, the Brout-EnglertHiggs mechanism [1] [2] [3] can generates the gauge boson mass under the potential V (h). Thus we call the potential as the Higgs potential.
In the original Lagrangian the mass of the field φ(x) seems to be tachyonic. We usually shift the field φ(x) to describe the excitation around the vacuum v as φ(x) = v + h(x) and rewrite the Lagrangian in terms of the new field h(x), then we obtain
where the mass of the field h is real and given by m = √ 2λv = √ 2µ. The Z 2 symmetry, φ → −φ, no longer holds for the new field, h → −h, hence the symmetry is spontaneously broken, alternatively hidden by the vacuum as known well.
B. Equation of Motion and Solution
We consider the solution of EOM
in the original field, φ, it reads
Since it is not easy to find the general solution of this non-linear differential equation, we focus on the elliptically oscillating solution motivated by the analogue of the classical mechanics.
According to the approach developed in [10] , the solution can be obtained by assuming the following description
where dn(z, k) is Jacobian elliptic function, φ 0 denotes a constant parameter with the massdimension one and it will be regarded as an initial value of the field φ at a particular point, p µ is the four momentum of the classical solution, k is called as the modulus of this elliptic function, θ is an integration constant which does not affect our discussion. These parameters are determined later to satisfy EOM.
By using the chain rule of the derivative and mathematical formula of the elliptic functions sn, cn, dn (see [13] [14] [15] ) and substituting Eq. (7) to Eq. (6), we obtain the following
where the 1st and 2nd equations correspond to the two coefficients A, B when we rewrite
If we consider the case k = 0, then we can determine φ 0 in this case as φ 0 = µ 2 /λ, φ(x) = v, due to the identity dn(z, k = 0) = 1. Note that the value of φ 0 coincides with the VEV, v = µ 2 /λ, which is the constant solution of EOM and it gives the minimum of the Higgs potential. Since the field, h, vanishes for k = 0, we focus on the other case (k = 0) to obtain a non-trivial result. For k = 0 we obtain
We can convert the solution of φ to that of h as h(x) = φ(x) − v. It is notable that the modulus k can become imaginary (i.e. negative k 2 ) for λφ
C. Classification of the solution in terms of possible parameter-space for k 2
We discuss the possible parameter-space of the parameter, φ 0 , which is related to the initial condition φ(0) andφ(0). Here we assume a non-trivial field value (φ 0 = v) as the initial condition and set φ(0) = φ 0 ,φ(0) = 0. In principle one can consider a more general caseφ = 0. Thanks to the mathematical nature of the elliptic functions for different modulus k, the solution is categorized into the following three regions for
We introduce a dimensionless parameter, η = λφ 2 0 /(2µ 2 ), which helps us to classify the parameter-space of φ 0 . The condition k 2 < 0 is equivalent to 0 < η < 1 2
and 0 < |φ 0 | < v.
In this case the solution is rewritten as
,
To rewrite the solution we used Gauss transformation dn(u, ik) = 1/dn( 1 +k 2 u,k/ 1 +k 2 ) (see [13] [14] [15] ). The solution has a property of the elliptic oscillation described by the function, 1/dn. Besides it is notable that φ(x) does not have the infinite value for arbitrary space-time points due to the property of non-zero behavior of dn function. This behavior guaranties non-zero and finite field-value around the vacuum for arbitrary space-time points. The time period T and space period L of the elliptic oscillation are given by the parameter, Ω, through the relations, Ωp 0 T = 2K and Ω| p|L = 2K, for a given four-momentum p µ of the classical field, where K = K(κ) represents the complete elliptic integral of the 1st kind with a modulus κ.
The condition, 0 ≤ k 2 ≤ 1, is equivalent to
and we obtain
This case shows a good behavior to guarantee non-zero and finite field-value around the vacuum as well as the previous 1/dn-type-solution. The time period T and space period L of the elliptic oscillation are given by the relations, p 0 T = 2K and | p|L = 2K, where
is the complete elliptic integrals of the 1st kind with a modulus k.
The condition, 1 < k 2 , is equivalent to 1 < η and √ 2v < |φ 0 | and we rewrite the solution as
where we used Jacobi's transformation dn(u, k) = cn(ku,
) (see [13] [14] [15] ). This case has the physically "worse" behavior which can not guarantee non-zero and finite field-value for arbitrary space-time points, contrary to the previous two cases. The elliptic function, cn(u, k), becomes zero periodically with a certain oscillation period.
Here we impose three conditions (global excitation, closed excitation, vacuum stability)
for the expected classical behavior, namely:
1) The solution should have a non-trivial and global excitation over whole space-time,
2) The solution should be defined on a bounded interval,
3) The bounded interval should contain the true vacuum.
The 1st condition requires that the classical solution should not localize in a particular spacetime point, i.e., not instanton-like. The 2nd condition guarantees a periodic "oscillation",
i.e., anharmonic oscillation allowed in the non-linear EOM. The 3rd condition requires a stability of the vacuum, i.e., the oscillation should not be bound around the false vacuum.
Using the property of Jacobian dn, cn functions, i.e.,
we can roughly sketch the behavior of possible pattern-oscillation in Fig.1 . The
Here we take two ideal limits φ 0 → v and φ 0 → √ 2v, then φ(x) → v and φ(x) → √ 2v/ cosh(p · x) respectively. The limit, φ(x) → v is already taken into account in the potential analysis. For the 2nd limit,
Especially, if we take the rest frame of the classical field; p µ = (m EOM , 0), then the solution shows the exponential decay φ(t) ≈ 2 √ 2ve −m EOM t for a large t > 0. This means the classical field φ approaches the unstable state, v = 0.
In Fig.2 we draw the behavior of the four modulus k, κ, k
the function of φ 0 /v. The modulus k, κ vanish at φ 0 = v as expected and approach unity at the edges φ 0 = 0, √ 2v. Opposite behaviors can be observed in the plot of k ′ and κ ′ .
III. QUANTIZATION AROUND THE CLASSICAL SOLUTION A. Perturbation around the classical solution
We define the quantum fieldh as a fluctuation around the classical solution
where we redefine the momentum of the classical field as p cl and substitute the above decomposition into the Lagrangian. Below we omit the p cl dependence in h cl . Inserting the redefined field into Eq. (4), we obtain
In this expression the classical Lagrangian L cl is defined by
where Lh and L int describe the quadratic and the higher order terms in the quantum field h, respectively,
with
It should be noted that the mass square, m 
Taking into account the facts φ
cl (x) = φ 0 for 1/dn type oscillations, and combining them with the parameter space v < φ 0 < √ 2v for dn oscillation and 0 < φ 0 < v for 1/dn oscillation, we obtain the possible range of φ 0 ,
The stability for the mass term constrains the fluctuations of φ 0 from the true vacuum v. It allows about 30 and 40% to the higher and lower directions, respectively.
C. Fourier series expansion for φ cl (x)
We expand φ cl (x) in a Fourier series. The elliptic functions, dn(z, k), 1/dn(z, k), are expanded (see [13] [14] [15] ) as
where the argument should satisfy the condition, qe |Im(πz/K)| < 1.
First we consider the dn case. Inserting the Fourier series expansion (20) into Eq. (7) and rewriting the cosine in an exponential form, we obtain
where the summation with prime means that it does not include n = 0. The n-th expansion coefficient, c n , and n-th momentum p (n) are given by
where p µ cl is the momentum of the classical solution φ cl (x) defined in Eq. (13) and we used the relation c −n = c n . From Eq. (9) φ cl (x) satisfies p 
where the mass, M, is defined by
The interaction terms are given by
It should be noted that the quartic term has the same coefficient with the original Lagrangian (16).
The results for 1/dn case can be obtained by the replacement,
Therefore we obtain the Fourier series expansion for φ cl in terms of the zero mode φ cl,0 and the elliptically oscillating modeφ cl ,
where the sum n does not include n = 0 and the κ ′ appears in the denominator from the factor Ω = 1/κ ′ in Eq. (10) expressed in terms of the norm q
The modulus k and κ for dn and 1/dn are given by the parameter η introduced in Eq. (10),
where
The behavior of the norm q and Fourier coefficients, c n , are shown in Fig. 3 . The norm vanishes at φ 0 = v as expected so that the elliptically oscillating terms disappear to recover the standard perturbation. On the other hand, the norm converges to unity at the edges φ 0 = 0, √ 2v then our series-expansion loses validity. Similar behavior is observed for the coefficients, c n . In Fig. 4 the behavior of the zero mode φ cl,0 in Fourier expansion is drawn.
The zero mode approaches to v at the limit φ 0 → v and it vanishes at the edges φ 0 = 0, √ 2v. One can easily show that the perturbation around the classical solution of EOM, φ = v + h cl +h (φ = φ cl +h), reduces to the standard perturbation, φ = v + h, at the limit φ 0 → v. For example, we consider dn oscillation in v < φ 0 < √ 2v and take the limit φ 0 → v.
Then the modulus lead k → 0 (k ′ → 1), and the complete elliptic-integral of the first kind
Since the norm q vanishes, the elliptically oscillating termφ cl with Fourier coefficients, c n , disappear for |n| ≥ 1. The non-vanishing zero-mode, φ cl,0 , coincides with VEV, v. Equation (22) recovers the standard perturbation expansion.
Therefore our new perturbation is considered as an extension of the standard perturbation for φ 0 = v. 
IV. FEYNMAN RULES
First we consider Feynman rules for the Lagrangian given by Eq. (26). In this section, we remove the non-interacting part in the S matrix and decompose the S matrix into the form S = 1 + iT . The Feynman rules can be derived by either the operator formalism or the path integral formalism, for example, see the standard textbooks [16] [17] [18] .
Besides, although we usually use Feynman rules in the momentum space and define the Lorentz invariant amplitude by factoring out the delta function expressing the momentum conservation, some of the Feynman rules discussed here are impossible to separate the invariant amplitude and the delta function due to the mode sum. But it is possible to evaluate the transition probability per unit space-time-volume by the standard way.
A. propagator
The Feynman propagator is given by
where M = 3φ 2 cl,0
m cl is the mass parameter for the quantum field,h.
B. two point (hh) interaction
We consider the process vacuum toh(k 1 )h(k 2 ) in order to extract the vertex factor. The transition amplitude k 1 k 2 |iT |0 is given as the sum of two contributions
where the first (second) term comes from the interaction of the left (right) diagram in Fig.6 .
By using the standard computation in terms of Wick's contraction, we obtain
where we used the Fourier series expansion forφ cl , and the above summation does not include n = 0. These interactions only appear in keeping the elliptically oscillating effects.
C. three point (hhh) interaction
Let's consider the process vacuum toh(k 1 )h(k 2 )h(k 3 ) in order to extract the vertex factor for the diagrams in Fig. 7 . The transition amplitude k 1 k 2 k 3 |iT |0 is given as the sum of two contributions
where the first (second) term comes from the interaction of the left (right) diagram in Fig.7 .
The results are given by
The 1st term is the standard interaction, while the 2nd term does not appear in the standard perturbation.
D. four point (hhhh) interaction
We consider the process vacuum →h(k 1 )h(k 2 )h(k 3 )h(k 4 ) to extract the vertex factor for Fig. 8 . The transition amplitude k 1 k 2 k 3 k 4 |iT |0 is given as
This interaction is the same as the standard one, i.e., the perturbation around the elliptically oscillating solution does not affect the quartic interaction at the tree level. Usually the vacuum state |0 is defined in the quantum field theory with the perturbation
On the other hand, we defined the vacuum state |0 in the quantum field theory around the classical solution of EOM with the perturbation φ = v +h cl +h in this formalism.
Of course, this perturbation formalism reduces to the standard one at the limit φ 0 → v as we mentioned earlier and therefore new interactions vanish at the limit φ 0 → v.
V. TRANSITION BETWEEN THE VACUUM AND MULTIh STATE
In this section we evaluate the probability of the transition between the vacuum to twõ h particles. The transition between the vacuum to threeh particles also realized.
We consider that the creation process of two particles is the most essential and focus on the two particles creation process. 
The velocity β (n) of the produced particle in the process vac →hh as the function of φ 0 /v.
Note that β (1) can not be a real number, so the lowest mode is n = 2. 
B.hh to vacuum
From the above result, we immediately obtain the transition probability per unit spacetime-volume p for the processhh → vacuum,
As we can see in Fig. 9 , the lowest mode is n = 2 and the velocity of the produced particles approaches unity as the mode n increases. Since a large mode n can create more energetic particles, the velocity tend to be close to unity. The Fig. 10 shows that this transition never happens if φ 0 is exactly v. The number of produced particle density increases as φ 0 is apart from v. We can evaluate the numerical value of ρ at a particular point of φ 0 . For example, if we take λ = 0.133, v = 246 GeV, then we obtain the results shown in Tab. I. One of the non-trivial behavior of this new perturbation theory is non-vanishing transition between the vacuum and a multi quanta state. We have evaluated the transition probability between the vacuum to the two-quanta state. The transition probability is obtained as the function of the initial condition parameter. A finite probability is found for this non-trivial transition as long as one keeps the initial condition parameter φ 0 , not exactly the true minimum v. We noted that a similar behavior is observed in a finite temperature system. A finite transition probability is obtained between the ground state and a multi quanta state since particles can be created by the heat bath at finite temperature.
The possible application of this new perturbation may be found for coupled systems like a multi scalar theory or a theory with couplings between the scalars and fermions, or gauge fields and so on. In such a case, a similar transition between the vacuum to multi particles is expected to appear. From the point of view of the quantum field theory, it is essential to include radiative corrections and renormalize the results. For this purpose we should consider how to treat the initial condition parameter at quantum level.
In addition, one of the another interesting environment to apply our theory may be found at early universe. The vacuum energy to expand the universe is released at the end of inflation and reheats the universe. It is considered that particles are created from the oscillating inflaton at the reheating era. To apply our results to the oscillating inflaton the curvature effect should be introduced in the theory.
It is also interesting to apply our results to solve problems in high energy physics. We hope to report some results in future.
